Modular multilevel converters, based on cascading of halfbridge converter cells, can combine low switching frequency with low harmonic interference. They can be designed for high operating voltages without direct series connection of semiconductor elements. This has led to a rapid adoption within high-power applications such as HVDC, STATCOM and railway interties. Analysing the operation of these converters in the frequency domain poses a few challenges due to the presence of significant low-order harmonic voltages in the cell capacitors. This paper presents a frequency-domain model of the MMC converter with halfbridge cells, based on a two-stage approach. First, the circuit equations are decoupled by a simple linear transformation, whereby the circuit schematic can be separated into a dc-side and an ac-side part. Second, the switching operation within the phase arms is modelled in the frequency domain by iterated convolution. The model is verified against a timedomain simulation of a converter with ratings valid for HVDC applications. It is shown that the proposed methodology, where all calculations are made in the frequency domain, can accurately reproduce the results from the simulation.
Abbreviations and Nomenclature

Abbreviations
HVDC High voltage direct current NPC
Neutral point clamped converter MMC Modular multilevel converter
Symbols
Phase branch inductance Z b
Phase branch impedance M Modulation index For time-varying quantities, upper-case symbols denote frequency domain representations whereas lower-case symbols denote time domain signals.
1.3
Indices and subscripts: 
Introduction
The modular multilevel converter (MMC) based on halfbridge cells [1] , see Figure 1 is rapidly attracting increased interest and is being considered for a number of applications ranging from HVDC transmission [3] [4] to medium-voltage motor drives [5] . The topology offers the significant benefit compared to previous multilevel converter circuits, such as two-level and NPC (neutral point clamped) topologies, that the number of levels in the output voltage can be varied without making the circuit excessively complex. The number of levels can be increased simply by adding more cells to the phase branches, so that tens or even hundreds of levels are conceivable. The basic structure of the simple two-level converter with three phase legs is remains, but the static valves are replaced by phase branches consisting of cascaded cells and inductors. This also allows for the possibility to design high-voltage converters handling hundreds of kilovolts without direct series connection of the power semiconductor elements [2] . The fact that a large number of voltage levels can be achieved implies that the harmonic requirements on dc side as well as ac side can be fulfilled with a minimum of filtering even at very low switching frequency. In some applications the switching frequency can be reduced to only a few times the fundamental frequency, whereby it has been possible to reduce the losses significantly compared to earlier designs based on two-and three-level converters. However, the nature of these converters implies a few drawbacks. One is that the current fed into the cell capacitors will contain lowfrequency modulation products (mainly first and second harmonic). This implies that the capacitor voltage ripple will contain the corresponding harmonics, whereby the required total capacitive energy storage needs to be considerably larger than in a conventional two-level or three-level NPC converter. To some extent, the harmonic distortion difficulties experienced with the previously used two-and three-level topologies are replaced by harmonic fluctuation challenges in the cell capacitors which require attention with regard to the dimensioning and control of the system. An analytical study is made in Ref. [6] of the impact of capacitor voltage ripple, under simplified assumptions with regard to the control and modulation of the converter. To date however, there has been no comprehensive frequency-domain model of this topology and the analysis has generally relied on extensive simulation studies. In this paper a steady-state harmonic model is presented which can explain the relationship between the operating point variables, the pulse pattern used in the cells, and the harmonics of the cell capacitor voltages and the circulating currents.
Decoupled circuit model
In this section the circuit equations governing the converter are decoupled by using a simple linear variable transformation linking the currents and voltages of the phase branches to quantities that are more convenient for describing the converter. At this stage the cell strings in each phasebranch are treated as voltage sources. In Figure 2 an equivalent circuit of the converter is displayed. 
A physical interpretation of these quantities is that I pi are the ac-side phase currents and U pi the inner emf:s of each phase leg driving these currents. Correspondingly, I ci are the average currents of each phase leg, whereas U ci are the voltages driving these currents. The main part of these latter voltages and currents is the DC component, accounting for the active power flow through the converter. However I ci also contains any currents circulating between the phase legs and U ci any voltages driving these circulating currents. The inverse of the transformation is obtained simply by solving for the phase-branch quantities:
The voltage equation for a loop comprising an arbitrary phase leg and the dc link can be written as follows: 
Substituing the definitions (5) through (8) into this equation and simplifying yields
Correspondingly, the voltage equations for a loop going from the midpoint of the DC link to the midpoint of the ac side reads as follows:
By summing these two equations and substituting the employed linear transformation (Eq. (5) through (8)) into the resulting equation it is found that:
Finally, applying Kirhhoffs current law to the positive and negative dc rails, respectively, of the circuit in Figure 2 we obtain
Summing and subtracting these equations, respectively, and employing the definitions given by (5) and (6) we get:
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Eq. (11) and Eq. (15), on the one hand, correspond to an equivalent schematic governing all ac-side currents and the common-mode dc-side current, shown in Figure 3 (a). Eq. (10) and Eq. (14), on the other hand, correspond to an equivalent schematic governing the circulating currents and the differential-mode dc-side current; see Figure 3 (b). The dominant part of the latter current is generally the dc component, which accounts for the active power flow between the dc and ac sides.
Power conversion within the cell strings
In the previous section it was assumed that the cell strings of the phase legs can be treated as voltage sources. Due to the presence of low-frequency voltage and current harmonics in the cell capacitors this assumption is only applicable with a few qualifications. To gain a better understanding of the behaviour of the cells and cell strings when the cell capacitor ripple cannot be neglected a frequency-domain model is derived in this section. Throughout the section as well as the next section, only one phase leg is considered since the treatment of all phase legs is identical. For this reason the index i, related to the phase leg number is dropped. Figure 4 shows a cell, numbered n, with the relevant electrical quantities indicated. The signal s {u,l}n is the switching function which assumes the value 0 when the valve in parallel to the cell terminal conducts and the value 1 when the valve in series with the capacitor conducts. Firstly, the equations relating the cell capacitor voltage and current to the voltage and current at the cell terminal are written:
Eqs. (16) and (17) imply time-domain multiplications, which cannot be described by linear circuit theory. A time-domain multiplication of two periodic signals x and y,
corresponds in the frequency domain to a convolution of the Fourier coefficients of the signals:
Capitalised symbols denote the complex Fourier coefficients of the corresponding time-domain signals i.e. (16) shows that the capacitor voltage ripple will influence the voltage at the cell terminals, and hence also the phase-branch currents, according to the discussion in the previous section. Thus, the branch currents influence the capacitor voltages which in turn affect the cell output voltages that together contribute to the phase-branch currents etc. For this reason, it is not trivial to obtain a closed analytical solution to the harmonic problem in the general case. A possible approach is to iterate between calculation of the capacitor harmonics on the one hand, and the phase-branch currents on the other hand until a solution is found. Such an algorithm is outlined in Figure 5 , and described in detail below.
Starting from an estimate of the phase-branch current, the harmonic components of the current injected into cell capacitor n can be obtained as 
It should be noted that this expression is not applicable to the dc component. The dc component of the capacitor voltage is related to the energy balance of the converter which the steady-state model does not take into account directly. However, it has to be ensured that the dc component of the capacitor current is zero, since stable operation is impossible otherwise. The dc component is set to a value consistent with the control of the converter, see sect 5 for a further discussion on the choice of this value. In the next stage the output voltage of the cell is computed by again convolving with the switching function as follows:
The overall cell string voltage can now be obtained by summing over the cell voltages:
Having obtained the cell string voltages, the transformation according to Eqs. (1) through (4) is employed, which allows for use of the decoupled circuit model in Figure 3 to compute the current harmonics. In case the converter is connected to a stiff DC link it is obvious that the circuit in Figure 3 (b) is less suitable for determining the dc component of I c , which instead has to be set to a value ensuring the energy balance of the converter. For a further discussion of the energy balance and setting the dc-component of the dc-side current, see next section. Finally, applying the inverse transformation (5) - (8) yields the phase-branch currents and the procedure can be repeated.
Energy balance
For the steady-state operation of the MMC converter it is vital to maintain energy balance between the dc and ac sides. In the previous chapter it was mentioned that the frequency-domain model does not give any direct guidance as to the dc components of the cell capacitor voltages and the converter dc-side current, both of which are related to the energy balance of the system. In this section the considerations necessary for choosing these variables in each iteration are discussed.
As regards the average cell capacitor voltage, a few alternatives are possible, depending on the control of the considered converter. If, on the one hand, a control algorithm is implemented to maintain the average voltage at a certain setpoint, this value is used since this would be the steady-state value. If, on the other hand, the converter is connected to a dc busbar with constant pole-ground voltage U dc , the cell capacitor voltage will adapt to the busbar voltage and this corresponding capacitor-voltage dc component should be determined. In order to do this, the expression for the dc component of the cell string voltages is stated. This is simply the dc component of (23) 
It is now assumed that the dc components of the capacitor voltages and the switching functions are the same in all cells, whereby the indices u, l and n are dropped from these variables. The natural value for S 0 is 0.5, using half bridges, but deviations from this value are also conceivable by introducing a dc component in the reference. Also, the last term (the summation) of Eq. (25) is relabelled U {u,l},n,0 . This term corresponds to the deviation of the cell output dc voltage caused by harmonics in the capacitor voltages, and will be significant at reactive power flow. Using Eq. (2) the pole-toground dc voltage imposed by the phase leg can then be written as
Observing the schematic in Figure 3 (b) and making the fair assumption that the impedances Z b and Z d are largely reactive, we realise that at steady-state U c,0 = U dc has to be fulfilled. Thereby, the required constant component of the cell capacitor voltage can be computed as follows:
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The second issue concerning energy balance that could not be resolved by the procedure in the previous section was the determination of the dc-side current I c,0 . The ac-side active power flow per phase leg can be computed as
Neglecting losses in the converter, the dc-side power should be equal to this value, whereby the average dc-side current is found to be:
Here U c,0 is determined by Eq. (26). As discussed above, when the converter is connected to a dc busbar it will be forced to be equal to the busbar voltage.
Validation of the proposed methodology
In this section the proposed methodology is validated by comparison to simulation results from a PSCAD model of a reference converter system, whose main parameters are listed in Table 1 . The parameters are representative for a converter to be used in an HVDC application.
Open control is employed, implying that a fixed pwm pattern is used for the switching functions. To synthesize these, carrier-based modulation with phase-shifted carriers is used. Individual triangular carriers are used for each cell and the carrier phase shift is defined by , 2 carr n n N .
As long as a noninteger frequency ratio between carrier and reference is used, this method is known not to cause direct imbalances between the cell capacitor voltages. The normalised cell voltage reference is
for all cells, where the plus-sign applies to the lower branches and the minus sign to the upper branches. The phase shift 0 is adapted between the phase legs to achieve three-phase symmetry. For this modulation method the harmonic components of the switching function can be found analytically by double Fourier series expansion as described in [7] . In order to maintain periodicity at a non-integer frequency ratio a longer cycle time for the Fourier expansion than the fundamental period of the modulation reference can be used. For the chosen frequency ratio of 3.5 it is appropriate to use a cycle time of twice the reference period. The converter is assumed to be connected to a stiff ac grid via a delta-whye connected transformer, whereby there is no path for zero sequence harmonics between the converter and the grid, i.e. the impedance marked Z b /2 in Figure 3 (a) is infinite for these harmonics.
The steady-state model was employed according to the iterative procedure described in Sect 3. and 4. The cell capacitor average voltages and the dc side average current were adjusted in each iteration using Eq. (27) and Eq. (29) from Sect 5, to maintain energy balance. In order to be able to compare the results to those of the time-domain simulation the Fourier series expansions have been evaluated for a few fundamental cycles. Figure 6 and Figure 7 show this type of comparison for the total cell string voltages, and the currents of one phase branch, respectively. The modelled operating point implies nominal ac and dc voltages and purely active power flow from the converter to the ac grid amounting to 880MW. As evident from the graphs, the proposed model can accurately reproduce the simulated waveforms. The reason for choosing the branch quantities for the comparison is that these contain harmonics present in both the circulating 
Conclusion
A frequency-domain model for computing steady-state electrical variables of modular multilevel converters with half bridge cells has been presented. It is evident that the model can accurately reproduce the results obtained by a detailed time-domain simulation. A benefit of the method is that it allows for a clear separation of steady-state and dynamic effects which is not always possible by time-domain simulation. A weakness of the studied method is that no dynamic phenomena can be modelled, so that it is less useful as a tool for designing and evaluating closed-loop control systems, for instance. In this paper, the methodology was employed to solve the problem where the converter is connected to fixed ac and dc circuits and a fixed pulse pattern applied for the cells. However, also other problems may be solved by the studied model, which will be the topic of coming work. Furthermore, the methodology has been applied to the MMC converter with half bridges. However it could with modifications also be applied to other similar cell-based topologies, such as converters employing full bridges, where similar cell capacitor ripple effects are present. 
